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1 Introduction
Solitons, namely smooth localized solutions of nonlinear partial differential equations, have a long
history in mathematical and physical sciences and can now be considered as a subject on their
own. The number of physically relevant applications of soliton theory is huge and ranges from
nonlinear optics to astrophysics. While in the mathematical literature the term soliton is mostly
associated to integrable systems, in the framework of modern Lorentz-invariant field theories it
refers to smooth localized solutions of field equations, that in general do not exhibit integrability.
A particularly interesting class of solitons is represented by those solutions of the field equations
which satisfy Bogomolnyi-Prasad-Sommerfield (BPS) bound, that is a lower bound for the energy
functional. They are topologically stable and can be shown to actually satisfy first order, instead
of second order, partial differential equations that do not involve time derivatives (BPS equation).
Abrikosov-Nielsen-Olesen (ANO) vortices [1] at critical coupling , ‘t Hooft-Polyakov monopoles
with massless Higgs field [2] and instantons in Euclidean Yang-Mills theory [3] are prominent
examples (a standard reference is [4]). One characteristic feature of BPS solitons is that there
exist no static forces among them. Therefore a large number of soliton configurations are allowed
with degenerate energy, and consequently generic solutions contain moduli parameters (collective
coordinates). The space of solutions of a given set of BPS equations is called moduli space and
is parameterized by those moduli parameters.
The complete characterization of soliton moduli space is not only mathematically attractive,
but has deep physical implications. In fact, while the dynamics of solitons in the full field theory
is usually inaccessible (sometimes even numerically), following the idea of Manton [5] one can
argue that at sufficiently low energies the time evolution is constrained by potential energy to
keep the field configuration close to the moduli space, which is in general finite dimensional. The
problem is then reduced to analyze the motion on the moduli space, which is actually a geodesic
motion of the metric induced by the kinetic term of the field theory Lagrangian.
However, although a number of mathematical structures have been found in various cases, the
explicit determination of moduli space metric can be very difficult in practice. For example, the
moduli space of k SU(2) monopoles reveals a hyper-Ka¨hler structure, which is quite restrictive,
but the metric is explicitly known only in the k = 2 case, namely the Atiyah-Hitchin metric
[6, 7]. Even in this case the geodesic motion is not integrable, except in a situation where one is
allowed to use the asymptotic form of the metric. The asymptotic metric for well-separated BPS
monopoles was constructed by Gibbons and Manton [8]. For other gauge groups the Weinberg-
Lee-Yi metric is well known [9].
For BPS Abelian vortices (ANO vortices) in flat space R2 = C, the k-vortex moduli space was
shown to be Ka¨hler and a symmetric product Mk ≃ Ck/Sk, where Sk denotes symmetrization
[10]. For the metric on it, a major step was made in the work of Samols [11], where a general
formula for the metric was given in terms of local data of the solutions of BPS equations. A Ka¨hler
potential for such metric could then be found easily (for a direct approach to the calculation of
the Ka¨hler potential with different arguments see [12]). Subsequently Manton and Speight [13]
calculated the local data for well-separated vortices and, making use of Samols’ formula, explicitly
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wrote down the asymptotic expression of the moduli space metric for k vortices. Recently the
moduli space metric was given for vortices on a hyperbolic space [14] in which case the system
is integrable [15].
BPS non-Abelian vortices in more general Higgs models with non-Abelian gauge symmetry
were introduced in [16, 17] (for a review see [18, 19]). Such configurations are parametrized not
only by position moduli, but also by orientational moduli, that appear due to the presence of a
non-trivial internal color-flavor space; it was found that a single vortex moduli space is
Mk=1,N ≃ C× CPN−1 (1.1)
for U(N) gauge theory with N Higgs fields in the fundamental representation. The Ka¨hler class
on CPN−1 was determined to be 4π/g2, with g the gauge coupling constant [20]. The analysis of
the moduli space has gone through many developments especially after the introduction of the
moduli matrix formalism [21]–[30] (for a review of the method see [19]). The moduli matrix is
a matrix whose components are holomorphic polynomials of z (codimensions of vortices), and
it contains all moduli parameters in coefficients [21]. The moduli space of multiple vortices at
arbitrary positions with arbitrary orientations in the internal space was constructed in [24]. A
general formula for the Ka¨hler potential on the moduli space was obtained in [25]. For separated
(not necessary well-separated) non-Abelian vortices, the moduli space can be written as the
symmetric product of k copies of the single vortex moduli space (1.1) [24]:
Mk,N ← (C× CPN−1)k/Sk. (1.2)
where the arrow denotes the resolution of sigularities; The space on the right hand side contains
orbifold singularities which correspond to coincident vortices, while the full moduli spaceMk,N on
the left hand side should be regular. By evaluating the Ka¨hler potential [25] of the moduli space
at linear order, it was explicitly shown in [27] that the metric is actually regular everywhere even
at coincident limits of two vortices [26]. The head-on-collision of two vortices was also studied
in [27].
The purpose of the present paper is to give the metric and its Ka¨hler potential on the moduli
space (1.2) for well-separated non-Abelian vortices. Our main results are the generalization of
Samols’ formula to the non-Abelian case and, starting from that and from the asymptotics of non-
Abelian vortex solutions [30], the derivation of the explicit metric and its Ka¨hler potential. The
final form of the metric exhibits an evident interplay between spatial (position) and orientational
moduli, opening up a rich variety of possibly interesting dynamics, that will be the object of a
further investigation [31]. In this paper we concentrate on local vortices, namely vortices in U(N)
gauge theories with Higgs fields in the fundamental representation in the same number as the
number N of colors (while semi-local vortices [32] exist in theories with more fundamental Higgs
fields [33, 29]). We also restrict ourselves to U(N) gauge group although non-Abelian vortices
with gauge group G × U(1) with arbitrary simple group G have been recently constructed in
[34]–[38]. We leave generalizations to those cases as future works.
The paper is organized as follows. In Section 2 we define the model and review the construc-
tion of non-Abelian vortices in the moduli matrix formalism. In Section 3 we find the non-Abelian
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extension of the Samols’ formula for the metric on the moduli space and in Section 4 we show how
it can be made explicit in the case of well-separated vortices, which means to find the asymptotic
metric and its Ka¨hler potential. In Section 5 we obtain the latter result by means of a more
physical method, namely point-particle approximation. Some details of the calculation are given
in Appendix A.
2 Review of non-Abelian local vortices
2.1 Lagrangian and BPS equations
Let us consider a U(N) gauge theory in (2 + 1)-dimensional spacetime with gauge fields wµ
for U(1), W aµ (a = 1, . . . , N
2 − 1) for SU(N)C and N Higgs fields HA (A = 1, . . . , N) in the
fundamental representation of the SU(N)C gauge group. The Lagrangian of the theory takes
the form
L = − 1
4e2
(fµν)
2 − 1
4g2
(F aµν)
2 + (DµHA)†DµHA − V, (2.1)
V =
e2
2
(H†At
0HA − ξ)2 + g
2
2
(H†At
aHA)2, (2.2)
where ξ is the Fayet-Iliopoulos parameter, e and g are gauge coupling constants for U(1) and
SU(N)C , respectively. Our notation is DµHA = (∂µ + iwµt0 + iW aµ ta)HA and fµνt0 + F aµνta =
−i[Dµ,Dν ]. The matrices t0 and ta are the generators of U(1) and SU(N), normalized as
t0 =
1√
2N
1N , Tr(t
atb) =
1
2
δab. (2.3)
As is well known, the Lagrangian Eq. (2.1) can be embedded into a supersymmetric theory with
eight supercharges. The Higgs fields can also be expressed as an N -by-N matrix on which the
SU(N)C gauge transformations act from the left and the SU(N)F flavor symmetry acts from the
right
H → UCHU †F , UC ∈ SU(N)C , UF ∈ SU(N)F . (2.4)
Using this matrix notation for the Higgs fields, the vacuum condition can be written as
HH† − v2 1N = 0, v2 ≡
√
2
N
ξ. (2.5)
The vacuum of this model is in an SU(N)C+F color-flavor locking phase, where the vacuum
expectation values (VEVs) of the Higgs fields are
H = v 1N . (2.6)
In this vacuum, the mass spectrum is classified according to the representation of SU(N)C+F
me = ev, mg = gv, (2.7)
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where me is for singlet fields and mg is for adjoint fields.
Considering a static configuration, the BPS bound for the energy reads
E ≥ −v2
∫
d2xTr(f12t
0) = 2πv2k, k ∈ Z. (2.8)
The bound is saturated if the following BPS equations are satisfied:
Dz¯H = 0, 2
e2
f12t
0 +
2
g2
F a12t
a = HH† − v21N , (2.9)
where z = x1 + ix2 is a complex coordinate. To solve the BPS equations, it is convenient to
rewrite the gauge fields in terms of matrices Se(∝ 1N) ∈ C∗ and Sg ∈ SL(N,C)
wz¯t
0 ≡ 1
2
(w1 + iw2)t
0 = − iS−1e ∂¯Se, (2.10)
W az¯ t
a ≡ 1
2
(W a1 + iW
a
2 )t
a = − iS−1g ∂¯Sg. (2.11)
Then, the first BPS equation Dz¯H = 0 can be solved as
H = S−1e S
−1
g H0(z), (2.12)
where H0(z) is an arbitrary N -by-N matrix which is holomorphic in z. The second BPS equation
becomes [21, 24]
4
m2e
∂¯(Ωe∂Ω
−1
e ) +
4
m2g
∂¯(Ωg∂Ω
−1
g ) = v
−2H0H
†
0Ω
−1
g Ω
−1
e − 1N , (2.13)
where Ωe(∝ 1N) and Ωg ∈ SL(N,C) are positive-definite Hermitian matrices defined by
Ωe ≡ SeS†e , Ωg ≡ SgS†g. (2.14)
We call Eq. (2.13) the “master equation” for non-Abelian vortices.
By using the matrices H0(z), Ωe and Ωg, the BPS equations can be solved by the following
procedure. Taking an arbitrary holomorphic matrix H0(z), we solve the master equation (2.13)
in terms of Ωe and Ωg with the boundary conditions such that the vacuum equation (2.5) is
satisfied at spatial infinity |z| → ∞. Explicitly, they are given by
Ωe → v−2| detH0| 2N 1N , Ωg → | detH0|− 2NH0H†0. (2.15)
From the positive-definite hermitian matrices Ωe = SeS
†
e and Ωg = SgS
†
g, the matrices Se and
Sg can be determined uniquely up to U(1)× SU(N)C gauge transformation Se → See−iα, Sg →
SgU
−1. Then, the physical fields can be obtained via the relations Eq. (2.10), Eq. (2.11) and
Eq. (2.12).
As a consequence of the definitions (2.10), (2.11) and (2.12), the master equation (2.13)
possesses a symmetry under the so-called “V -transformation” [21, 24]
SgSe → V (z)SgSe, H0(z)→ V (z)H0(z), (2.16)
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where V (z) ∈ GL(N,C) is an arbitrary non-singular matrix holomorphic in z. Since the physical
fields wµ, Wµ and H are invariant under V -transformations, (2.16) defines an equivalence relation
on the set of holomorphic matrices H0(z)
H0(z) ∼ V (z)H0(z). (2.17)
There exists a one-to-one correspondence between the equivalence classes H0 ∼ V H0 and points
on the moduli space of the BPS vortices [24, 21, 19, 27]. In this sense, we call H0(z) the “moduli
matrix” and the parameters contained in H0(z) are identified with the moduli parameters of
the BPS configurations. For example, the vortex positions for a given moduli matrix H0(z) can
be determined as follows. Since a part of gauge symmetry is restored inside the vortex core,
the vortex positions can be defined as those points on the complex plane at which the rank
of the matrix H becomes smaller than N , namely they can be determined as the zeros of the
holomorphic polynomial detH0.
2.2 Single vortex configurations
As an example, let us consider configurations of a single vortex located at z = z0. Since zeros of
the polynomial detH0 correspond to the vortex position, we consider the set of moduli matrices
whose determinant is detH0 = z − z0. For example, in the case of N = 2, any moduli matrix
with detH0 = z − z0 is V -equivalent to the moduli matrix of the form [22]
H0 =
(
z − z0 0
−β 1
)
∼
(
1 −β˜
0 z − z0
)
, β˜ =
1
β
. (2.18)
In addition to the translational moduli parameter z0, there exists one parameter β that can be
viewed as an inhomogeneous coordinate of CP 1. This internal degree of freedom, which is called
the orientation, corresponds to the Nambu-Goldstone zero mode of SU(2)C+F symmetry broken
by the vortex. The homogeneous coordinate of CP 1 can also be extracted from the moduli
matrix as follows. Since rankH0 drops at z = z0, there exists an eigenvector of H0 with the null
eigenvalue at z = z0. In other words, there exists a constant N -vector φ such that
(H0φ)
∣∣
z=z0
= 0, φ ∝
(
1
β
)
. (2.19)
The vector φ is called the orientational vector and corresponds to the homogeneous coordinates
of CP 1. In the case of general N , a single vortex configuration breaks SU(N)C+F down to
SU(N − 1)× U(1), so that the orientational moduli space is
CPN−1 =
SU(N)
SU(N − 1)× U(1) . (2.20)
In this case, the generic moduli matrix with detH0 = z − z0 is equivalent to
H0 =
(
z − z0 0
−~β 1N−1
)
, (2.21)
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where N − 1 parameters ~β are the inhomogeneous coordinates parameterizing the internal ori-
entation CPN−1. As in the case of N = 2, the orientational vector can also be defined by
(H0φ)|z=z0 = 0, corresponding to the homogeneous coordinates of CPN−1.
Next, let us briefly review some properties of the solution of the master equation (2.13) for the
single vortex configuration [30]. First, note that the moduli matrix Eq. (2.21) can be rewritten
as
H0 = V (z)
(
z − z0 0
0 1N−1
)
U (2.22)
where the matrices V (z) ∈ SL(N,C) and U ∈ SU(N)F are given by
V =
(
1√
1+|β|2
− (z−z0)~β†√
1+|~β|2
0 (1−P) +√1 + |β|2P
)
, (2.23)
U =

 1√1+|β|2
~β†√
1+|β|2
− ~β√
1+|β|2
(1−P) + 1√
1+|β|2
P

 . (2.24)
and the (N − 1)-by-(N − 1) matrix P is defined by
P ≡
~β~β†
|~β|2
. (2.25)
It is convenient to use the following ansatz for Ωe and Ωg
Ωe = v
−2eψe1N , Ωg = V e
ψgTV †, (2.26)
where ψe and ψg are smooth real functions and the matrix T ∈ su(N) is given by
T ≡ diag (N − 1, −1, · · · , −1). (2.27)
Then, the master equation (2.13) reduces to the following two equations for the functions ψe and
ψg
4N
m2e
∂∂¯ψe = e
ψg−ψe
(
1− |z − z0|2e−Nψg
)
+N(1− eψg−ψe), (2.28)
4N
m2g
∂∂¯ψg = e
ψg−ψe
(
1− |z − z0|2e−Nψg
)
. (2.29)
The boundary conditions for ψe and ψg can be read from Eq. (2.15) as
ψe → 1
N
log |z − z0|2, ψg → 1
N
log |z − z0|2. (2.30)
By using the relation Eq. (2.14) and choosing an appropriate gauge, we obtain the matrices Se
and Sg in terms of the functions ψe and ψg as
Se = v
−1e
1
2
ψe1N , Sg = V e
1
2
ψgTU. (2.31)
7
Then, the solution can be obtained through Eq. (2.11) and Eq. (2.12) as
H = v e−
1
2
(ψe1N+ψgTβ)e
1
N
(1N+Tβ) log(z−z0), (2.32)
wz¯t
0 = − i
2
∂¯ψe 1N , (2.33)
W az¯ t
a = − i
2
∂¯ψg Tβ, (2.34)
where we have defined the matrix Tβ by
Tβ ≡ U †TU = Nφφ
†
|φ|2 − 1N , φ ∝
(
1
~β
)
. (2.35)
Now let us look at the asymptotic forms of the single vortex solution. The functions ψe and ψg
behave near the vortex core as
ψe = ae +
m2e
4N
[
eag−ae +N(1 − eag−ae)] |z − z0|2 +O(|z − z0|4), (2.36)
ψg = ag +
m2g
4N
eag−ae |z − z0|2 +O(|z − z0|4), (2.37)
where ae and ag are constants. On the other hand, the asymptotic forms of the functions
1 ψe
and ψg for large |z − z0| are given by [30]
ψe =
1
N
log |z − z0|2 + ceK0(me|z − z0|) +O(e−2me|z−z0|, e−2mg |z−z0|), (2.38)
ψg =
1
N
log |z − z0|2 + cgK0(mg|z − z0|) +O(e−2mg |z−z0|, e−(me+mg)|z−z0|), (2.39)
where K0(m|z− z0|) is the modified Bessel function of the second kind. The constants ce and cg
depend on the ratio mg/me and N . In case of me ≥ 2mg, the term proportional to K0(me|z−z0|)
is actually not dominant in Eq.(2.38) compared to the contribution of order e−2mg |z−z0|. We then
concentrate on the case with me < 2mg so that the above form is the proper approximation. As
we will see, however, Eq.(2.38) and Eq(2.39) are sufficient to determine the metric to the leading
order even for the case me > 2mg.
3 Effective Lagrangian for non-Abelian local vortices
In this section, we derive a formula for the metric on the moduli space of non-Abelian local
vortices which generalizes the celebrated Samols’ formula for Abelian vortices [11].
3.1 Formula for the metric on the moduli space
The moduli space of the BPS vortices is a Ka¨hler manifold whose holomorphic coordinates are
identified with the complex parameters contained in H0(z). The effective low-energy dynamics
1 The function ψg, ψe of the SU(N), U(1) parts here are related to those in Ref.[30] by ψ
here
g =
1
N−1ψ
[30]
g +
1
N
log |z − z0|2, and ψheree = ψ[30]e + 1N log |z − z0|2. Consequently, the coefficient chereg = c
[30]
g /(N − 1).
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of the BPS vortices are described by an effective Lagrangian of the form
Leff = gij¯φ˙
i ˙¯φj =
∂2K
∂φi∂φ¯j
φ˙i ˙¯φj, (3.1)
where φi are the holomorphic coordinates, gij¯ is the metric of the moduli space of non-Abelian
vortices, and K is the Ka¨hler potential. By using the moduli matrix H0(z) and the solution
(Ωe,Ωg) of the master equation (2.13), the Ka¨hler potential of the moduli space can be formally
2
written as [25]
K = v2
∫
d2xTr
[
4
m2e
K(Ωe) + 4
m2g
K(Ωg) + log(ΩeΩg) + v−2H0H†0Ω−1e Ω−1g
]
, (3.2)
where K(Ω) is a quantity3 which satisfies the following identity for a small variation Ω→ Ω+ δΩ
δ
[∫
d2xTrK(Ω)
]
=
∫
d2xTr
[
∂¯(Ω∂Ω−1)δΩΩ−1
]
. (3.3)
As a consequence, by varying the Ka¨hler potential K with respect to Ωe and Ωg, we can show
that K is minimized by the solution of the master equation (2.13). Therefore, the derivatives of
the Ka¨hler potential with respect to the moduli parameters are given by
∂
∂φi
K =
∫
d2xTr
(
∂
∂φi
H0H
†
0Ω
−1
e Ω
−1
g
)
. (3.4)
Note that H†0 is anti-holomorphic in φ
i. From this property of the Ka¨hler potential, we obtain a
simple form of the effective Lagrangian
Leff =
∂2K
∂φi∂φ¯j
φ˙i ˙¯φj =
∫
d2x δ†tTr(δtH0H
†
0Ω
−1
g Ω
−1
e ), (3.5)
where the differential operators δt and δ
†
t are defined by
δt = φ˙
i ∂
∂φi
, δ†t =
˙¯φi
∂
∂φ¯i
. (3.6)
Now we rewrite the effective Lagrangian in terms of local data in the neighborhood of each
vortex. Let us assume that detH0 has zeros at z = zI (I = 1, 2, · · · ), namely
detH0(z) =
k∏
I=1
(z − zI). (3.7)
2 To make the Ka¨hler potential finite, we need to add counter terms which can be regarded as a Ka¨hler
transformation.
3 The explicit form of K(Ω) is given by
TrK(Ω) =
∫ 1
0
ds
∫ s
0
dtTr
[
∂¯ωetω∂ωe−tω
]
, ω ≡ logΩ.
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Let DIǫ be the disk of radius ǫ centered at z = zI
DIǫ =
{
z ∈ C ∣∣ |z − zI | < ǫ}. (3.8)
It is convenient to decompose the domain of integration C into the disks DIǫ and their complement
C−⋃DIǫ . Since the integrand in (3.5) does not have any singularity, the integral over the disk
DIǫ vanishes in the zero-radius limit ǫ→ 0
lim
ǫ→0
∫
DIǫ
d2x δ†tTr(δtH0H
†
0Ω
−1
g Ω
−1
e ) = 0. (3.9)
Therefore, the effective Lagrangian can be evaluated by integrating over C −∑DIǫ and then
taking ǫ→ 0 limit
Leff = lim
ǫ→0
∫
C−
⋃
DIǫ
d2x δ†tTr(δtH0H
†
0Ω
−1
g Ω
−1
e ). (3.10)
Using the master equation (2.13) the integrand can be put in the form of a total derivative as
δ†tTr(δtH0H
†
0Ω
−1
g Ω
−1
e ) = v
2 δ†tTr
[
δtH0H
−1
0
(
4
m2g
∂¯(Ωg∂Ω
−1
g ) +
4
m2e
∂¯(Ωe∂Ω
−1
e ) + 1N
)]
= v2 ∂¯ Tr
[
δtH0H
−1
0 δ
†
t
(
4
m2g
Ωg∂Ω
−1
g +
4
m2e
Ωe∂Ω
−1
e
)]
, (3.11)
where we used the fact that δtH0H
−1
0 is holomorphic with respect to z and the moduli parameters
φi on C−∑DIǫ . For Stokes’ theorem, the integral of Eq. (3.11) over C−∑DIǫ can be replaced
by an integral along the infinitely large circle S1∞ and the boundaries of the disks −∂DIǫ . Since
the integrand falls off exponentially at spatial infinity, the contribution from S1∞ vanishes and
the effective Lagrangian becomes
Leff = −v
2
2i
k∑
I=1
lim
ǫ→0
∫
∂DIǫ
dz Tr
[
δtH0H
−1
0 δ
†
t
(
4
m2g
Ωg∂Ω
−1
g +
4
m2e
Ωe∂Ω
−1
e
)]
. (3.12)
Since each integral picks up the terms which behave as 1/(z−zI), it can be evaluated by expanding
the integrand around z = zI .
First let us consider the case where all the zeros of the polynomial detH0(z) are isolated. In
this case, the matrix δtH0H
−1
0 has the first order pole at z = zI
δtH0H
−1
0 =
QI
z − zI + {regular at z = zI}. (3.13)
Since the remaining part of the integrand is non-singular, it can be expanded around z = zI as
δ†t
(
4
m2g
Ωg∂Ω
−1
g +
4
m2e
Ωe∂Ω
−1
e
)
= ˙¯zICI − δ†tBI +O(|z − zI |), (3.14)
where the matrices BI and CI are defined by
BI ≡ − lim
z→zI
[
4
m2g
Ωg∂Ω
−1
g +
4
m2e
Ωe∂Ω
−1
e
]
, (3.15)
CI ≡ − lim
z→zI
[
4
m2g
∂¯(Ωg∂Ω
−1
g ) +
4
m2e
∂¯(Ωe∂Ω
−1
e )
]
. (3.16)
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Then, the effective Lagrangian can be written as
Leff = −πv2
∑
I
Tr
[
QI( ˙¯zICI − δ†tBI)
]
. (3.17)
From the master equation (2.13), we evaluate CI :
CI = 1N − v−2H0H†0Ω−1g Ω−1e
∣∣
z=zI
. (3.18)
Therefore, the effective Lagrangian reduces to
Leff = πv
2
∑
I
[
|z˙I |2 + Tr
(
QIδ
†
tBI
) ]
, (3.19)
where we have used TrQI = −z˙I and
QIH0H
†
0Ω
−1
g Ω
−1
e
∣∣
z=zI
= lim
z→zI
(z − zI)δtH0H†0Ω−1g Ω−1e = 0. (3.20)
Note the strong similarity between Eq. (3.19) and Samols’ formula [11] (although the analogy
between the definitions of our quantities BI and the corresponding ones of Samols is not complete,
as it is made explicit in Section 4 Eq. (4.13)).
3.2 Example: single vortex
As an example, let us consider the single vortex configuration. For the moduli matrix Eq. (2.21),
the matrix Q can be calculated as
Q = lim
z→z0
(z − z0)δtH0H−10 =
(
−z˙0 0
−~˙β 0N−1
)
. (3.21)
On the other hand, the matrix B can be calculated by using the ansatz Eq. (2.26) as
B = − lim
z→z0
[
4
m2g
Ωg∂Ω
−1
g +
4
m2e
Ωe∂Ω
−1
e
]
= − 4
m2g
lim
z→z0
V ∂V −1. (3.22)
Note that both functions ψe and ψg satisfy limz→z0 ∂ψe = limz→z0 ∂ψg = 0 (see Eq. (2.36) and
Eq. (2.37)). From the explicit form of the matrix V given in Eq. (2.23), we find that the matrix
B is given by
B =
4
m2g
(
0 − ~β†
1+|~β|2
0 0N−1
)
. (3.23)
Substituting Q and B into (3.19), we obtain the following effective Lagrangian for a single non-
Abelian vortex
Leff = πv
2|z˙0|2 + 4π
g2
~˙β† · (1 + |
~β|2)1− ~β~β†
(1 + |~β|2)2
· ~˙β. (3.24)
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3.3 Coincident case
Next, let us consider the case of coincident vortices. If detH0(z) has kI-th order zero at z = zI ,
the matrix δtH0H
−1
0 has the following Laurent series expansion
δtH0H
−1
0 =
kI∑
p=1
QIp
(z − zI)p + {regular at z = zI}. (3.25)
On the other hand, the remaining part of the integrand is non-singular and can be expanded as
δ†t
(
4
m2g
Ωg∂Ω
−1
g +
4
m2e
Ωe∂Ω
−1
e
)
=
∞∑
p,q=0
RIp,q(z − zI)p(z¯ − z¯I)q. (3.26)
Then, the effective Lagrangian can be written in terms of the coefficients Qp and R
I
p, q as
Leff = −πv2
∑
I
kI∑
p=1
Tr(QIpR
I
p−1,0). (3.27)
4 Asymptotic metric for well-separated vortices
In this section, we consider the asymptotic form of the metric on the moduli space for k well-
separated non-Abelian vortices by generalizing the results for Abelian vortices [13].
4.1 Asymptotic metric for Abelian vortices
First, let us rederive the effective Lagrangian for well-separated vortices in the N = 1 (Abelian)
theory [13]. Our approach here has essentially the same spirit of Section 2 in [13], however our
use of complex notation will make more transparent some properties retained by the solutions of
the linearized vortex equation, which are crucial for the derivation of the result.
In this case, the moduli matrix H0(z) is a holomorphic polynomial of z and can be written as
H0(z) =
k∏
I=1
(z − zI), (4.1)
where k is the number of vortices and z = zI (I = 1, · · · , k) are the positions of vortices. To
calculate the asymptotic metric for well-separated vortices, it is convenient to define the function
ψˆ by
ψˆ ≡ log Ωe − log |H0|2 + log v2. (4.2)
Then, the master equation (2.13) can be rewritten in terms of ψˆ as
4
m2e
∂∂¯ψˆ + e−ψˆ − 1 = − 4π
m2e
k∑
I=1
δ2(z − zI), (4.3)
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where boundary condition for large |z| is given by ψˆ → 0. Let us consider the linearized equation
for the small fluctuation ∆ψˆ around the background solution ψˆ(
4
m2e
∂∂¯ − e−ψˆ
)
∆ψˆ = 0, z 6= zI . (4.4)
Let ∆1ψˆ and ∆2ψˆ be linearly independent solutions of the linearized equation. Then, the “cur-
rent” (jz, jz¯) defined by
4
jz ≡ 4
m2e
(∆1ψˆ)∂(∆2ψˆ)− (1↔ 2), jz¯ ≡ 4
m2e
(∆1ψˆ)∂¯(∆2ψˆ)− (1↔ 2), (4.5)
satisfies the following “conservation law” except at the vortex positions
∂¯jz + ∂jz¯ = 0, z 6= zI . (4.6)
Therefore, the contour integrals
qI ≡ 1
2πi
∮
CI
(dzjz − dz¯jz¯), (I = 1, · · · , k) (4.7)
are invariant under continuous deformations of the contour CI surrounding z = zI . This property
of the invariants qI can be used to relate the local data in the neighborhood of each vortex to
the asymptotic data.
As the first solution of the linearized equation, let us take the derivative of ψˆ with respect to
the I-th moduli parameter zI (no sum over I is implied)
∆1ψˆ = δtψˆ ≡ z˙I ∂ψˆ
∂zI
. (4.8)
Note that δtψˆ satisfies the linearized equation (4.4) except at z = zI . As the second solution, we
take the difference of the full k-vortex solution ψˆ and the single vortex solution ψˆI satisfying
4
m2e
∂∂¯ψˆI + e
−ψˆI + 1 = − 4
m2e
δ2(z − zI). (4.9)
Note that the difference of the solutions
∆2ψˆ = ψˆ − ψˆI (4.10)
is an approximate solution of the linearized equation (4.4) since both ψˆ and ψˆI satisfy the same
equation except at z = zJ (J 6= I) and furthermore their difference is small if |z− zJ | ≫ m−1e for
all J 6= I.
Let us first calculate the contour integral by taking the zero radius limit of the circular contour
CI surrounding z = zI . Since the integral picks up the terms which behave like 1/(z − zI) and
1/(z¯− z¯I) in the zero radius limit, it can be evaluated by expanding the integrand around z = zI
ψˆ = − log |z − zI |2 + aI + bI(z − zI) + b¯I(z¯ − z¯I) + m
2
e
4
|z − zI |2 + · · · , (4.11)
ψˆI = − log |z − zI |2 + a˜I + m
2
e
4
|z − zI |2 + · · · , (4.12)
4 Note that jz and jz¯ are not complex conjugate in general.
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where the coefficients bI are related to BI =
4
m2e
∂ log Ωe|z=zI as5
bI ≡ m
2
e
4
BI −
∑
J 6=I
1
zI − zJ . (4.13)
Therefore, ∆1ψˆ and ∆2ψˆ behave around z = zI as
∆1ψˆ =
z˙I
z − zI +
∂aI
∂zI
z˙I − bI z˙I − m
2
e
4
z˙I(z¯ − z¯I) + · · · , (4.14)
∆2ψˆ = aI − a˜I + bI(z − zI) + b¯I(z¯ − z¯I) + · · · . (4.15)
From this behavior of the functions ∆1ψˆ and ∆2ψˆ, we obtain
qI =
4
m2e
2z˙IbI = 2z˙I
(
BI − 4
m2e
∑
J 6=I
1
zI − zJ
)
. (4.16)
On the other hand, the integral can also be evaluated along a large contour on which the solutions
can be approximated by their asymptotic forms
ψˆ =
k∑
J=1
ceK0(me|z − zJ |) + · · · , (4.17)
ψˆI = ceK0(me|z − zI |) + · · · , (4.18)
Therefore, ∆1ψˆ and ∆2ψˆ have the following asymptotic forms
∆1ψˆ = cez˙I
∂
∂zI
K0(me|z − zI |) + · · · , (4.19)
∆2ψˆ =
∑
J 6=I
ceK0(me|z − zJ |) + · · · , (4.20)
From these asymptotic forms of the functions ∆1ψˆ and ∆2ψˆ, we obtain
qI =
4c2e
m2e
z˙I
∂
∂zI
∑
J 6=I
∫ [(
dz
2πi
K0(me|z − zI |)∂K0(me|z − zJ |)− (I ↔ J)
)
+ (c.c.)
]
=
4c2e
m2e
z˙I
∂
∂zI
∑
J 6=I
K0(me|zI − zJ |). (4.21)
Comparing two expressions of qI , we can relate the local data and the asymptotic data as
z˙IBI =
∑
J 6=I
(
2c2e
m2e
z˙I
∂
∂zI
K0(me|zI − zJ |) + 4
m2e
z˙I
zI − zJ
)
. (4.22)
Since the constant QI are given by
QI = lim
z→zI
(z − zI)δtH0H−10 = − z˙I , (4.23)
5 Here the difference between our BI and Samols’ bI is evident, however it is obvious that if one operates with
δ†t , like in the final formula for the metric, the outcome is the same.
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we obtain the effective Lagrangian from Eq. (3.19) as
Leff = πv
2
[
k∑
I=1
|z˙I |2 − c
2
e
4
∑
I 6=J
K0(me|zI − zJ |)|z˙I − z˙J |2
]
, (4.24)
where we have used (no sum over I is implied)
4
∂
∂zI
∂
∂z¯I
K0(me|zI − zJ |) = −4 ∂
∂zI
∂
∂z¯J
K0(me|zI − zJ |) = m2eK0(me|zI − zJ |). (4.25)
4.2 Asymptotic metric for non-Abelian vortices
The most generic form moduli matrix for multi-vortex configuration is given by
H0 =
(
P (z) 0
~R(z) 1
)
, P (z) =
k∏
I=1
(z − zI), ~R(z) = −
k∑
I=1
~βI
∏
J 6=I
z − zJ
zI − zJ . (4.26)
There are N complex moduli parameters for each vortex. One is the position moduli zI and the
others are the orientational moduli ~βI . Note that the orientational vector for the vortex located
at z = zI is
φ ∝
(
1
~βI
)
,
(
∵ H0φ
∣∣
z=zI
= 0
)
. (4.27)
To calculate the asymptotic metric for well-separated vortices, it is convenient to redefine the
matrices Ωg and Ωe by
Ωˆg ≡ | detH0| 2NH−10 ΩgH†−10 , (4.28)
Ωˆe ≡ v2| detH0|− 2NΩe. (4.29)
The matrices Ωˆe and Ωˆg satisfy
4
m2e
∂¯(Ωˆe∂Ωˆ
−1
e ) +
4
m2g
∂¯(Ωˆg∂Ωˆ
−1
g )− Ωˆ−1g Ωˆ−1e + 1N = 0, z 6= zI . (4.30)
The boundary conditions Eq. (2.15) can be translated into those for Ωˆe and Ωˆg as
Ωˆe → 1N , Ωˆg → 1N . (4.31)
For a given background solution (Ωˆe, Ωˆg), let us consider the following linearized equation for
small fluctuations (∆Ωˆe, ∆Ωˆg)
4
m2e
∂¯
[
∆(Ωˆe∂Ωˆ
−1
e )
]
+
4
m2g
∂¯
[
∆(Ωˆg∂Ωˆ
−1
g )
]
− Ωˆ−1g Ωˆ−1e (Ωˆg∆Ωˆ−1g + Ωˆe∆Ωˆ−1e ) = 0, z 6= zI . (4.32)
As in the case of the Abelian vortices, we can define the “conserved current”(jz , jz¯) from the
solutions of the linearized equation (4.32) as
jz = Tr
[
4
m2e
(Ωˆe∆1Ωˆ
−1
e )∆2(Ωˆe∂Ωˆ
−1
e ) +
4
m2g
(Ωˆg∆1Ωˆ
−1
g )∆2(Ωˆg∂Ωˆ
−1
g )
]
− (1↔ 2), (4.33)
jz¯ = Tr
[
4
m2e
(∆1Ωˆ
−1
e Ωˆe)∆2(∂¯Ωˆ
−1
e Ωˆe) +
4
m2g
(∆1Ωˆ
−1
g Ωˆg)∆2(∂¯Ωˆ
−1
g Ωˆg)
]
− (1↔ 2). (4.34)
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As the solution of the linearized equation, we take the derivatives of Ωˆe and Ωˆg with respect to
the moduli parameters
∆1Ωˆe = δtΩˆe, ∆1Ωˆg = δtΩˆg, (4.35)
and the difference of the full solution (Ωˆe, Ωˆg) and the single vortex solution (ΩˆeI , ΩˆgI)
∆2Ωˆe = Ωˆe − ΩˆeI , ∆2Ωˆg = Ωˆg − ΩˆgI . (4.36)
From the fact that the current (jz, jz¯) satisfies the conservation law ∂¯jz + ∂jz¯ = 0, the contour
integrals
qI =
1
2πi
∮
CI
(dz jz − dz¯ jz¯) , (I = 1, 2, · · · , k) (4.37)
are invariant under the continuous deformation of the contour CI surrounding z = zI . By
expanding the integrand around z = zI and picking up the terms which behave like 1/(z − zI)
and 1/(z¯ − z¯I), the contour integral qI can be evaluated in the zero-radius limit as
qI = 2Tr
[
QIBI
]
− 2Tr
[
QsingleI B
single
I
]
+ f(zJ , βJ)
= 2Tr [QIBI ]− 8
m2g
~β†I · ~˙βI
1 + |~βI |2
+ f(zJ , βJ), (4.38)
where f(zJ , βJ) is a holomorphic function of the moduli parameters. Next, let us evaluate the
integral along a large contour on which the solutions can be approximated by their asymptotic
forms Eq.(2.38) and Eq.(2.39)
Ωˆe = 1N + ce
k∑
I=1
K0(me|z − zI |)1N + · · · , (4.39)
Ωˆg = 1N + cg
k∑
I=1
K0(mg|z − zI |)TβI + · · · . (4.40)
By using these asymptotic forms and the formula
K0(m|zI − zJ |) =
∫
CI
dz
2πi
[
K0(m|z − zI |)∂K0(m|z − zJ |)− (I ↔ J)
]
+ (c.c.), (4.41)
we obtain
qI = δt
[
4Nc2e
m2e
∑
J 6=I
K0(me|zI − zJ |) +
4Nc2g
m2g
∑
J 6=I
ΘIJK0(mg|zI − zJ |)
]
, (4.42)
where ΘIJ is defined by
ΘIJ ≡ 1
N
Tr(TβITβJ ) = N
|1 + ~βI · ~β†J |2
(1 + |~βI |2)(1 + |~βJ |2)
− 1. (4.43)
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Comparing Eq. (4.38) and Eq. (4.42), we find that
Tr
[
QIδ
†
tBI
]
= −δ†t δt
[
2Nc2e
m2e
∑
J 6=I
K0(me|zI − zJ |) +
2Nc2g
m2g
∑
J 6=I
ΘIJK0(mg|zI − zJ |)
]
+δ†t δt
[
4
m2g
log(1 + |~βI |2)
]
. (4.44)
Then, we obtain the asymptotic effective Lagrangian form Eq. (3.19)
Leff = πv
2
(
k∑
I=1
|z˙|2 + Tr
[
QIδ
†
tBI
])
= δ†t δtK, (4.45)
where the Ka¨hler potential is given by
K =
k∑
I=1
[
πv2|zI |2 + 4π
g2
log(1 + |~βI |2)
]
−
∑
I 6=J
[
2πv2Nc2e
m2e
K0(me|zI − zJ |)
]
−
∑
I 6=J
[
2πv2Nc2g
m2g
(
N
|1 + ~βI · ~β†J |2
(1 + |~βI |2)(1 + |~βJ |2)
− 1
)
K0(mg|zI − zJ |)
]
. (4.46)
The last two terms describe leading interactions between different vortices. In homogeneous
coordinates (N -vector) ~φI for each CP
N−1, after a Ka¨hler transformation the Ka¨hler potential
can be rewritten as
K =
k∑
I=1
[
πv2|zI |2 + 4π
g2
log |~φI |2
]
−
∑
I 6=J
[
2πv2Nc2e
m2e
K0(me|zI − zJ |)
]
−
∑
I 6=J
[
2πv2Nc2g
m2g
(
N
|φI · φ†J |2
|φI |2|φJ |2
− 1
)
K0(mg|zI − zJ |)
]
. (4.47)
For the case me ≥ 2mg, the second terms of Eq.(4.46) and Eq.(4.47) are incorrect since we have
used Eq.(2.38) as an asymptotic behavior of ψe. They should be replaced with terms of order
e−2mg |zI−zJ |. However, the dominant contribution to the interaction comes from the last term,
which is of order e−mg |z−z0|. Therefore we can say that the above results are correct even in the
case of me ≥ 2mg if we neglect subleading contributions to the interaction.
5 The point source formalism
It has been shown that the interaction between well-separated Abelian vortices can be identified
with that between composites of point-like scalar source and magnetic dipole [13, 39]. In [40]
some of us used the point particle approximation for vortex-strings stretched between domain
walls and found a good agreement with the direct calculation.
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In this section, we show that a non-Abelian vortex looks like a point particle in the following
linear field theory
L = +1
2
(∂µΦ
0∂µΦ0 −m2eΦ0Φ0)−
1
4e2
(
fµνf
µν − 2m2ewµwµ
)
+
1
2
(∂µΦ
a∂µΦa −m2gΦaΦa)−
1
4g2
(
F aµνF
aµν − 2m2gW aµW aµ
)
+κ0Φ0 + κaΦa − 1
e2
j0µwµ − 1
g2
jaµW aµ . (5.1)
Here, Φ0 and Φa (a = 1, · · · , N2 − 1) are scalar fields, wµ and W aµ (a = 1, · · · , N2 − 1) are the
massive vector fields and κ0, κa, j0µ, j
a
µ are point-like sources corresponding to a non-Abelian
vortex. Let us consider the following scalar source κ ≡ κ0t0 + κata
κ = −πv
[
1− |z˙0|
2
2
+
1
m2g
(
∇tβ˙i ∂
∂βi
+∇tβ˙i ∂
∂β¯i
)]
(ce1N + cgTβ)δ
2(z − z0), (5.2)
where Tβ is defined in Eq. (2.35) and ∇tβ˙i is defined by
∇tβ˙i ≡
(
∂t − 2β¯
jβ˙j
1 + |βj|2
)
β˙i. (5.3)
For the vector source jµ ≡ j0µt0 + jaµta, we assume the following form
jµ = ∂νX
µν , (5.4)
where Xµν is an anti-symmetric tensor. Note that this form of the vector current implies the
conservation law ∂µj
µ = 0. For the anti-symmetric tensor Xµν , let us consider the following form
Xµν = −π
[
ǫµνρJρ +
1
m2g
(∂µJν − ∂νJµ)i
(
β˙i
∂
∂βi
− ˙¯βi ∂
∂β¯i
)]
(ce1N + cgTβ). (5.5)
where Jµ is the current of a point particle
Jµ ≡ x˙µ0δ2(z − z0). (5.6)
Now we will see that a non-Abelian vortex, viewed from distance, looks like the above point
source at least up to second order in the time-derivative. We can check this by comparing the
field configuration for the point source and the asymptotic fields for a non-Abelian vortex derived
in Appendix A. The equations of motion for the scalar fields Φ0, Φa and the vector fields wµ,
Wµ are
κ0 = (∂µ∂
µ +m2e)Φ
0, κa = (∂µ∂
µ +m2g)Φ
a, (5.7)
j0ν = (∂µ∂
µ +m2e)wν , j
a
ν = (∂µ∂
µ +m2g)W
a
ν , (5.8)
where we have assumed that the vector fields satisfy the Lorenz gauge condition
∂µw
µ = ∂µW
aµ = 0. (5.9)
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Operating ∂ν on both sides of (5.8), we see that this gauge condition implies current conservation.
The solution of the equations (5.7) and (5.8) can be obtained by using the Green’s function
expanded in terms of the time-derivative
Φ0 =
1
2π
∫
d2z′
[
K0(me|z − z′|) + 1
m2e
Υ(me|z − z′|)∂2t +O(∂4t )
]
κ0(t, z′), (5.10)
Φa =
1
2π
∫
d2z′
[
K0(mg|z − z′|) + 1
m2g
Υ(mg|z − z′|)∂2t +O(∂4t )
]
κa(t, z′), (5.11)
wµ =
1
2π
∫
d2z′
[
K0(me|z − z′|) + 1
m2e
Υ(me|z − z′|)∂2t +O(∂4t )
]
j0µ(t, z
′), (5.12)
W aµ =
1
2π
∫
d2z′
[
K0(mg|z − z′|) + 1
m2g
Υ(mg|z − z′|)∂2t +O(∂4t )
]
jaµ(t, z
′). (5.13)
where
Υ(s) =
1
2
sK ′0(s). (5.14)
It is convenient to expand the sources in terms of the time-derivative
κ = κ(0) + κ(1) + κ(2) +O(∂3t ), jµ = j(0)µ + j(1)µ + j(2)µ +O(∂3t ). (5.15)
Correspondingly, the scalar field Φ ≡ Φ0t0 + Φata and the vector field Wµ = wµt0 +W aµ ta are
expanded as
Φ = Φ(0) + Φ(1) + Φ(2) +O(∂3t ), Wµ = W (0)µ +W (1)µ +W (2)µ +O(∂3t ). (5.16)
Let us check that the field configuration for the point source and that for a non-Abelian vortex
order by order. Note that odd (even) order equations of motion for Φ(n), w
(n)
z¯ and W
(n)
z¯ (w
(n)
0
and W
(n)
0 ) are trivial due to time-reversal symmetry. First, we consider the leading terms Φ
(0)
and W
(0)
µ corresponding to the static configuration. The leading order terms of the sources are
given by
κ(0) = −πv(ce1N + cgTβ)δ2(z − z0), j(0)z¯ = −πi(ce1N + cgTβ)∂¯δ2(z − z0). (5.17)
Note that j0 has no term without time-derivative. Evaluating (5.10), (5.11), (5.12) and (5.13),
we obtain the following solutions for the static source
Φ(0) = −v
2
Ψ, W
(0)
z¯ = −
i
2
∂¯Ψ. (5.18)
where the function Ψ is given by
Ψ ≡ ce1NK0(me|z − z0|) + cgTβK0(me|z − z0|). (5.19)
These solutions agree with the asymptotic forms of the static single vortex solution (A.6) and
(A.7) in a singular gauge. Next, let us consider the first order contribution which are contained
only in j0
j
(1)
0 = −πi
[
z˙0
∂
∂z0
− ˙¯z0 ∂
∂z¯0
+
4
m2g
∂
∂z0
∂
∂z¯0
(
β˙i
∂
∂βi
− ˙¯βi ∂
∂β¯i
)]
(ce1N + cgTβ)δ
2(z − z0). (5.20)
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By using (5.12), (5.13) and (4∂∂¯ −m2)K0(m|z − z0|) = 0 (z 6= z0), we obtain
W
(1)
0 =
i
2
[
z˙0
∂
∂z0
− ˙¯z0 ∂
∂z¯0
+ β˙i
∂
∂βi
− ˙¯βi ∂
∂β¯i
]
Ψ. (5.21)
The second order terms in the scalar source κ and the current jz¯ are given by
κ(2) = πv
[ |z˙0|2
2
− 1
m2g
(
∇tβ˙i ∂
∂βi
+∇tβ˙i ∂
∂β¯i
)]
δ2(z − z0)(ce1N + cgTβ), (5.22)
j
(2)
z¯ = −
πi
2
(
z¨0 + z˙0
∂
∂z0
+ ˙¯z0
∂
∂z¯0
)
δ2(z − z0)(ce1N + cgTβ)
− 2π
m2g
i
(
β˙i
∂
∂βi
− ˙¯βi ∂
∂β¯i
)
z˙0
∂
∂z0
∂
∂z¯0
δ2(z − z0)(ce1N + cgTβ)
− πi
m2g
(
∇tβ˙i ∂
∂βi
−∇t ˙¯βi ∂
∂β¯i
)
∂
∂z¯0
δ2(z − z0)(ce1N + cgTβ). (5.23)
By evaluating the integral (5.10), (5.11), (5.12) and (5.13), we obtain the following solutions
Φ(2) =
1
8
v [z¨0(z¯ − z¯0) + ¨¯z0(z − z0)] Ψ
−1
8
v [z˙0(z¯ − z¯0) + ˙¯z0(z − z0)] (z˙0∂ + ˙¯z0∂¯)Ψ
+
1
4
v [z˙0(z¯ − z¯0) + ˙¯z0(z − z0)]
(
β˙i
∂
∂βi
+ ˙¯βi
∂
∂β¯i
)
Ψ
− 1
2m2g
v
(
∇tβ˙i ∂
∂βi
+∇tβ˙i ∂
∂β¯i
)
Ψ
− 1
2m2g
vcgΥ(mg|z − z0|)∂2t Tβ, (5.24)
W
(2)
z¯ =
i
8
[z¨0(z¯ − z¯0) + ¨¯z0(z − z0)] ∂¯Ψ
− i
8
[z˙0(z¯ − z¯0) + ˙¯z0(z − z0)]
(
z˙0∂ + ˙¯z0∂¯
)
∂¯Ψ
− i
8
[
z¨0 − z˙0(z˙0∂ − ˙¯z0∂¯)
]
Ψ
+
i
4
[z˙0(z¯ − z¯0) + ˙¯z0(z − z0)]
(
β˙i
∂
∂βi
+ ˙¯βi
∂
∂β¯i
)
∂¯Ψ
− i
m2g
z˙0
(
β˙i
∂
∂βi
− ˙¯βi ∂
∂β¯i
)
∂∂¯Ψ
+
i
2m2g
(
∇tβ˙i ∂
∂βi
−∇tβ˙i ∂
∂β¯i
)
∂¯Ψ
− i
2m2g
cg∂¯Υ(mg|z − zJ |)∂2t Tβ, (5.25)
As shown in the Appendix A, the solutions (5.21), (5.24) and (5.25) agree with those obtained
by using the method of derivative expansion with a moving vortex background.
20
Let us rederive the effective Lagrangian for the non-Abelian vortices Eq. (4.45) from the point
particle formalism. The effective Lagrangian for the point particles are given by
Leff =
k∑
I=1
(
πv|z˙I |2 + 4π
g2
β˙i ˙¯βj
∂2
∂βiβ¯j
log(1 + |βi|2)
)
+
∑
I>J
L(I,J). (5.26)
Here, L(I,J) is the interaction Lagrangian between I-th and J-th particles
L(I,J) =
∫
d2x
(
κ0IΦ
0
J + κ
a
IΦ
a
J −
1
e2
j0µI wµJ −
1
g2
jaµI W
a
µJ
)
, (5.27)
κ0I , κ
a
I , j
0
µI and j
a
µI are the point-like source with z0 = zI , β
i = βiI and Φ
0
J , Φ
a
J , wµJ and WµJ are
the fields induced by the point-like source with z0 = zJ , β
i = βiJ . First, let us consider static
interaction
L
(0)
(I,J) =
1
2
∫
d2x
[
κ
0(0)
I Φ
0(0)
J +
4
e2
j
0(0)
zI w
(0)
z¯J + κ
a(0)
I Φ
a(0)
J +
4
g2
j
a(0)
zI W
a(0)
z¯J + (c.c.)
]
. (5.28)
Since the static sources κ
(0)
I and j
(0)
zI are given by
κ
(0)
I = −πv(ce1N + cgTβI )δ2(z − zI), j(0)zI = πi(ce1N + cgTβI )∂δ2(z − zI), (5.29)
the static interaction Lagrangian reduces to
L
(0)
(I,J) = −πv tr
[(
Φ
0(0)
J t
0 +
4v
m2e
i∂w
(0)
z¯J t
0 + Φ
a(0)
J t
a +
4v
m2g
i∂W
a(0)
z¯J t
a
)
(ce1N + cgTβI )
]
z=zI
. (5.30)
We can show by using Eq. (5.18) and (4∂∂¯ −m2)K0(m|z − z0|) = 0 that(
Φ
0(0)
J t
0 +
4v
m2e
i∂W
0(0)
z¯J t
0
)
=
(
Φ
a(0)
J t
a +
4v
m2g
i∂W
a(0)
z¯J t
a
)
= 0. (5.31)
Therefore, the static interaction vanishes as expected from the BPS property. The leading order
terms in the interaction Lagrangian are second order in the time-derivative
L
(2)
(I,J) =
∫
d2x
[
Re
(
κ
0(0)
I Φ
0(2)
J +
4
e2
j
0(0)
zI W
0(2)
z¯J + κ
a(0)
I Φ
a(2)
J +
4
g2
j
a(0)
zI W
a(2)
z¯J
)
+ (I ↔ J)
−∂tΦ0(0)I ∂tΦ0(0)J − ∂tΦa(0)I ∂tΦa(0)J −
4
e2
∂tW
0(0)
zI ∂tW
0(0)
z¯J −
4
g2
∂tW
a(0)
zI ∂tW
a(0)
z¯J
− 1
e2
j
0(1)
0I W
0(1)
0J −
1
g2
j
a(1)
0I W
a(1)
0J
]
. (5.32)
Here, we have ignored total time derivatives and used∫
d2xκ
0(2)
I Φ
0(0)
J =
∫
d2x
[
∂t∂tΦ
0(0)
I Φ
0(0)
J + Φ
0(2)
I κ
0(0)
J
]
, (5.33)
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and similar identities for the other fields. To calculate the interaction Lagrangian L
(2)
(I,J), it is
convenient to decompose it as
Ae ≡
∫
d2xRe
(
κ
0(0)
I Φ
0(2)
J +
4
e2
j
0(0)
zI W
0(2)
z¯J
)
, (5.34)
Ag ≡
∫
d2xRe
(
κ
a(0)
I Φ
a(2)
J +
4
g2
j
a(0)
zI W
a(2)
z¯J
)
, (5.35)
B1 ≡
∫
d2x
(
∂tΦ
0(0)
I ∂tΦ
0(0)
J + ∂tΦ
a(0)
I ∂tΦ
a(0)
J
)
, (5.36)
B2 ≡
∫
d2x
(
4
e2
∂tW
0(0)
zI ∂tW
0(0)
z¯J +
4
g2
∂tW
a(0)
zI ∂tW
a(0)
z¯J
)
, (5.37)
C ≡
∫
d2x
(
1
e2
j
0(1)
0I W
0(1)
0J +
1
e2
j
a(1)
0I W
a(1)
0J
)
. (5.38)
By using the explicit form of the static sources Eq. (5.29) and the solutions (5.24) and (5.25), we
obtain
Ae +Ag = −2πvRe
[
ceTr
(
Φ
0(2)
J t
0 +
4v
m2e
i∂W
0(2)
z¯J t
0
)
+ cgTr
(
Φ
a(2)
J t
a +
4v
m2e
i∂W
a(2)
z¯J t
a
)]
z=zI
= −δJδ†J
[
2πc2e
e2
NK0(me|zI − zJ |) + 2πc
2
e
g2
Tr[TβITβJ ]K0(mg|zI − zJ |)
]
, (5.39)
where we have defined the differential operators δJ , δ
†
J by
δJ ≡ z˙J ∂
∂zJ
+ β˙iJ
∂
∂βiJ
, δ†J ≡ ˙¯zJ
∂
∂z¯J
+ ˙¯βiJ
∂
∂β¯iJ
. (5.40)
By using the identity∫
d2xK0(m|z − zI |)K0(m|z − zJ |) = − 2π
m2
Υ(m|zI − zJ |) (5.41)
with Υ in Eq.(5.14), we can calculate B1 and B2 as
B1 = (δI + δ†I)(δJ + δ†J )
[
−πc
2
e
e2
NΥ(me|zI − zJ |)−
πc2g
g2
Tr [TβITβJ ] Υ(mg|zI − zJ |)
]
,(5.42)
B2 = (δI + δ†I)(δJ + δ†J )
× ∂
∂zI
∂
∂z¯J
[
− 4πc
2
e
m2ee
2
NΥ(me|zI − zJ |)−
4πc2g
m2gg
2
Tr [TβITβJ ] Υ(mg|zI − zJ |)
]
.(5.43)
Therefore, we find that
B1 + B2 = (δI + δ†I)(δJ + δ†J)
[
πc2e
e2
NK0(me|zI − zJ |) +
πc2g
g2
Tr [TβITβJ ]K0(mg|zI − zJ |)
]
, (5.44)
where we have used (−4∂∂¯ +m2)Υ(m|z− z0|) = −m2K0(m|z− z0|). From (5.20) and (5.21), we
obtain
C = −(δI − δ†I)(δJ − δ†J)
[πc2e
e2
NK0(me|zI − zJ |) +
πc2g
g2
Tr [TβITβJ ]K0(mg|zI − zJ |)
]
. (5.45)
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Therefore, the interaction Lagrangian is given by
L(I,J) = [Ae +Ag + (I ↔ J)]− [B1 + B2 + C] (5.46)
= −(δI + δJ)(δ†I + δ†J)
[
2πc2e
e2
NK0(me|zI − zJ |) +
2πc2g
g2
Tr [TβITβJ ]K0(mg|zI − zJ |)
]
.
This interaction Lagrangian agrees with that in the effective Lagrangian Eq. (4.45).
6 Conclusions and Discussions
By exploiting the local nature of non-Abelian vortices for NC = NF, we have extended the
Samols’ formula of for the metric on the moduli space to the non-Abelian U(N) case. This fact
has enabled us to construct the explicit metric (4.45) and its Ka¨hler potential (4.46) on the
moduli space of well-separated non-Abelian vortices. We have also derived the metric using an
appropriate point-particle approximation for non-Abelian vortices.
In this paper we have studied local vortices in U(N) gauge theory with the same number of
fundamental Higgs fields as the number N of colors. When the flavor number is greater than
the color number, the vortices are instead called semi-local [32]. A typical property of semi-
local vortices is that they have a size modulus which is in general non-normalizable. In the
case of a semi-local non-Abelian vortex, its orientational moduli are also non-normalizable [33]
unless its size modulus vanishes[29]. The (non-)normalizability of zero modes was completely
classified in [29] for arbitrary number of vortices with arbitrary moduli. Since wave functions
for non-normalizable moduli are divergent in infinite space, we can have a metric only for the
normalizable moduli. The most direct way to extend the present work to the case of semi-local
non-Abelian vortices would be the calculation of such metric through the generalization of Samols’
formula. However, the metric of well-separated semi-local vortices should be well-approximated
by that of lumps [41], since the asymptotic behavior in this case is efficiently described by lumps
rather than local vortices. Therefore one should be able to work out the metric without the
generalization of Samols’ formula [42].
In order to address the metric problem in different gauge groups, such as SO and Sp, one
must take into account the observation that non-Abelian vortices are generically semi-local. This
means that our result can be immediately generalized only to the particular sector of their moduli
space where vortices happen to be local, while for the full space a supplementary work of the type
mentioned in the previous paragraphs will be needed. Non-Abelian vortices with gauge group
G×U(1) with arbitrary simple group G were constructed in [34]. It was found for instance that
the moduli spaces of single local vortices in G = SO(2N), USp(2N) gauge theories are Hermitian
symmetric spaces SO(2N)/U(N) and USp(2N)/U(N), respectively. The moduli space of non-
Abelian vortices in SO and USp gauge theories were further studied in [35, 36, 37, 38].
Other possible directions are:
i) to obtain the generalization of the Samols’ formula to geometries other than C, for instance,
a cylinder [43], a torus [44], Riemann surfaces [45] or a hyperbolic space [15, 14, 46],
23
ii) the inclusion of a Chern-Simons term [47],
iii) the generalization to the non-BPS case where a potential term will be induced on the
moduli space [48].
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A Derivative expansion
In this section, we will see that the solutions (5.24) and (5.25) agree with the asymptotic fields
for the vortex configuration by using the derivative expansion. It is convenient to use a singular
gauge by performing the following singular gauge transformations Ue ∈ U(1) and Ug ∈ SU(N)
Ue =
(
z¯ − z¯0
|z − z0|
) 1
N
1N
, Ug = U †
(
z¯ − z¯0
|z − z0|
) 1
N
T
U. (A.1)
Then, the solutions for a single vortex in a non-singular gauge Eq. (2.31) become
Se = v
−1(z − z0) 1N 1Ne 12 ψˆe1N , Sg = V (z − z0) 1N T e 12 ψˆgT U, (A.2)
where ψˆe and ψˆg are defined by
ψˆe ≡ ψe − 1
N
log |z − z0|2 ≈ ceK0(me|z − z0|) + · · · , (A.3)
ψˆg ≡ ψg − 1
N
log |z − z0|2 ≈ cgK0(mg|z − z0|) + · · · . (A.4)
Note that SeSg is single-valued whereas each of Se and Sg is multi-valued. Correspondingly, the
solutions for the Higgs fields and the gauge fields (2.32), (2.33), (2.34) become
H = v e−
1
2
(ψˆe1N+ψˆgTβ), wz¯t
0 +W az¯ t
a = − i
2
∂¯(ψˆe1N + ψˆgTβ), (A.5)
where Tβ is the matrix defined in Eq. (2.35). We focus on the asymptotic form of the single
vortex solution in the singular gauge
H − v1N = −1
2
vceK0(me|z − z0|)1N − 1
2
vcgK0(mg|z − z0|)Tβ + · · · , (A.6)
wz¯t
0 +W az¯ t
a = − i
2
ce∂¯K0(me|z − z0|)1N − i
2
cg∂¯K0(mg|z − z0|)Tβ + · · · , (A.7)
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Identifying the scalar fields Φ ≡ Φ0t0+Φata with H−v1N in the singular gauge, we find that the
terms without time-derivative in (5.18) agree with the static solutions (A.6) and (A.7). To check
that the terms with time-derivative are also correct, let us consider a time-dependent background
configuration by promoting the moduli parameters to time dependent dynamical valuables. The
time-dependence induces the fluctuations around the background configuration, so we expand
the fields with respect to the number of the time-derivatives
H(t) = HBPS(z0(t), β
i(t)) +H(1)(t) +H(2)(t) + · · · , (A.8)
and similarly for the vector fields wµ and W
a
µ . As a background solution, let us consider a single
BPS vortex configuration satisfying the following BPS equations
Dz¯H = 0, 4
e2
ifzz¯t
0 +
4
g2
iF azz¯t
a +HH† − v21N = 0. (A.9)
If the position moduli z0 and the orientation β
i are constant, this background configuration
satisfies the equations of motion
0 = DµDµH + e2(H†At0HA − ξ)t0H + g2(H†AtaHA)taH, (A.10)
0 = Dµ
(
2
e2
fµνt
0 +
2
g2
F aµνt
a
)
+ i
[
H(DνH)† − (DνH)H†
]
. (A.11)
If we give weak time dependences to the moduli parameters
z0 → z0(t), βi → βi(t), (A.12)
Eq. (A.10) and Eq. (A.11) become equations of motion for the fluctuations, which can be solve
order-by-order. Note that odd (even) order equations of motion for H(n), w
(n)
z¯ and W
(n)
z¯ (w
(n)
0
and W
(n)
0 ) are trivial due to the time-reversal symmetry. The first order term in the gauge fields
w0 and W
a
0 are determined from the Gauss’ law equation
0 = −Dz
(
4
e2
fz¯0t
0 +
4
g2
F az¯0t
a
)
− i(D0H)H† + (h.c.). (A.13)
This equation can be solved as
w
(1)
0 t
0 = i(δtS
†
eS
†−1
e − S−1e δ†tSe), W a(1)0 ta = i(δtS†gS†−1g − S−1g δ†tSg). (A.14)
By using the asymptotic forms (A.3) and (A.4), we can check that Eq. (5.21) agrees with the
asymptotic forms of w0 and W0.
The asymptotic behavior of the second order fluctuations are determined from the linearized
equations of motion
− 1
4
D0D0H = iDzH + 1
2
(We +W†e +Wg +W†g)H, (A.15)
−D0
[
1
e2
f0z¯t
0 +
1
g2
F a0z¯t
a
]
= iDz¯
[
2
e2
(We +W†e) +
2
g2
(Wg +W†g)
]
−HH†. (A.16)
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Here, we have defined H, We and Wg by
H ≡ iDz¯H(2) − (w(2)z¯ t0 +W a(2)z¯ ta)H, (A.17)
We ≡ iDz(w(2)z¯ t0) +
e2
2
Tr(H(2)H†t0)t0, (A.18)
Wg ≡ iDz(W a(2)z¯ ta) +
g2
2
Tr(H(2)H†ta)ta. (A.19)
Note that the linearized equations of motion have the physical zero mode associated with the
moduli parameters and the gauge zero modes corresponding to the gauge transformation acting
on the fluctuations. The gauge transformation acts of the fluctuation fields as
H(2) → H(2) + iA(2)H, w(2)z¯ t0 +W a(2)z¯ ta → w(2)z¯ t0 +W a(2)z¯ ta −Dz¯A(2), (A.20)
where A(2) is an arbitrary hermitian matrix which is of second order in the time-derivative.
To solve the equations (A.15) and (A.16), it is convenient to take the following gauge for the
fluctuations
We =W†e , Wg =W†g . (A.21)
Then, the equations (A.15) and (A.16) can be solved with respect to H, We and Wg as
We = −1
4
S−1e S
−1
g
[
φ˙i ˙¯φj
∂
∂φ¯j
(
Ωe
∂
∂φi
Ω−1e
)]
SeSg, (A.22)
Wg = −1
4
S−1e S
−1
g
[
φ˙i ˙¯φj
∂
∂φ¯j
(
Ωg
∂
∂φi
Ω−1g
)]
SeSg, (A.23)
H = S†eS†g
[(
φ¨i
∂
∂φi
+ φ˙iφ˙j
∂
∂φi
∂
∂φj
)(
1
e2
∂¯Ω−1e Ωe +
1
g2
∂¯Ω−1g Ωg
)]
H†−10 . (A.24)
The fluctuations H(2), w
(2)
z¯ and W
a(2)
z¯ are determined from (A.17), (A.18) and (A.19). We can
assume the following form
H(2) = G− iDz
(
4
e2
X0t0 +
4
g2
Xata
)
H†−1, (A.25)
w
(2)
z¯ t
0 +W
a(2)
z¯ t
a = i(Dz¯G)H−1 +X0t0 +Xata, (A.26)
where G, X0 and Xa are the fields satisfying
H = Dz¯
[
Dz
(
4
e2
X0t0 +
4
g2
Xata
)
H†−1
]
− (X0t0 +Xata)H, (A.27)
We +Wg = −Dz(Dz¯GH−1) + e
2
2
Tr(GH†t0)t0 +
g2
2
Tr(GH†ta)ta. (A.28)
If we focus on their asymptotic forms, the background fields can be replaced with their vacuum
expectation values. Therefore, the equations (A.28) and (A.27) reduces to
φ¨i
∂
∂φi
Ψ+ φ˙iφ˙j
∂
∂φi
∂
∂φj
Ψ = −∂¯∂
(
4
m2e
X0t0 +
4
m2g
Xata
)
+ (X0t0 +Xata), (A.29)
v φ˙i ˙¯φj
∂
∂φi
∂
∂φ¯j
Ψ = −4∂∂¯G+ 2m2eTr(Gt0)t0 + 2m2gTr(Gta)ta. (A.30)
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These equations can be solved as
G = −v
4
(z¯ − z¯0)z˙0 ˙¯z0∂¯Ψ− v
m2g
(z − z0)β˙i ˙¯βj ∂
2
∂βi∂β¯j
∂Ψ
+
v
4
[
(z¯ − z¯0)z˙0 ˙¯βi ∂
∂β¯i
+ (z − z0) ˙¯z0β˙i ∂
∂βi
]
Ψ, (A.31)
X0t0 +Xata = +
i
4
(z¯ − z¯0) (z¨0 − z˙0z˙0∂) ∂¯Ψ
+
i
2
(z¯ − z¯0)z˙0β˙i ∂
∂βi
∂¯Ψ− i
4
(z − z0)∇tβ˙i ∂
∂βi
Ψ. (A.32)
Then, we obtain a solution for the second order fluctuations as
H(2) =
v
4
(z¯ − z¯0)
[
z¨0 − z˙0(z˙0∂ + ˙¯z0∂¯)
]
Ψ
+
v
4
[
(z¯ − z¯0)z˙0 ˙¯βi ∂
∂β¯i
+ (z − z0) ˙¯z0β˙i ∂
∂βi
]
Ψ
+
v
2
(z¯ − z¯0)z˙0β˙i ∂
∂βi
Ψ− v
m2g
(z − z0)β˙i ˙¯βj ∂
2
∂βi∂β¯j
∂Ψ
− v
m2g
∇tβ˙i ∂
∂βi
∂ [(z − z0)Ψ] + {zero modes}, (A.33)
w
(2)
z¯ t
0 +W
a(2)
z¯ t
a =
i
4
[
z¨0 − z˙0
(
z˙0∂ + ˙¯z0∂¯
)] [
(z¯ − z¯0)∂¯Ψ
]
+
i
4
[
z˙0
˙¯βi
∂
∂β¯i
+ ˙¯z0β˙
i ∂
∂βi
]
∂¯ [(z¯ − z¯0)Ψ]
+
i
2
(z¯ − z¯0)z˙0β˙i ∂
∂βi
∂¯Ψ− i
4
(z − z0)
(
β˙i ˙¯βj
∂2
∂βi∂β¯j
+∇tβ˙i ∂
∂βi
)
Ψ
+{zero modes}. (A.34)
We can show that these solutions are related to (5.24) and (5.25) by the gauge transformation
(A.20) with
A(2) =
[
i
8
(z¯ − z¯0)
[
z¨0 − z˙0(z˙0∂ + ˙¯z0∂¯)
]
Ψ+
i
4
(z¯ − z¯0)z˙0β˙i ∂
∂βi
Ψ
− icg
2m2g
∇tβ˙i ∂
∂βi
∂ [(z − z0)Ψ]
]
+ (h.c.). (A.35)
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